We establish universal relationships between optical force/torque on a general particle and different parts of linear and angular momentum (AM) of generic monochromatic optical field. It is rigorously proved that the optical force comes about by the transfer of orbital (canonical) optical momentum from light to matter, while the other part of optical momentum, known as spin momentum, does not generate optical force on matter but, instead, stays conserved even when the translational invariance is broken by putting particles into the optical fields. On the other hand, based on a generic multipole theory of optical torque, we demonstrate that the optical torque stems from the transfer of the total optical AM, including both orbital and spin AM, clarifying in generic case the long-standing confusion about whether the orbital AM can induce a spinning torque on a general particle in generic optical fields.
where M s and M o are, respectively, known as the spin momentum and canonical momentum densities [18] [19] [20] [21] [22] [23] . They are associated with the spin AM density S by Eq. (1b) and the orbital AM density L by
where S is given by [17] [18] [19] [20] [21] [22] [23] [24] [25] 
and the total AM density J = S + L , with Z 0 = µ 0 /ε 0 being the wave impedance. For monochromatic optical fields, the time-averaged LM and AM density can be expressed explicitly in terms of the electric field E and magnetic fields H. The intrinsic nature of the spin AM S is obvious by its independence of moment arm r, as compared with the extrinsic orbital counterpart L .
In free-space, the symmetry of translation, rotation and U (1) electromagnetic duality are all preserved. As a result, the canonical momentum, spin momentum, orbital AM, and spin AM are conserved independently, as can be seen mathematically from the divergence-free property of the corresponding time-averaged LM and AM current density tensors (see below). There is no spinorbit couplings due to the symmetries.
The introduction of any scatterer into the fields, however, breaks all the symmetries, in particular, the U (1) electromagnetic duality symmetry, due to the absence of magnetic monopoles. So the LM and AM of light are no longer conserved. The non-conservation manifests itself as the optical force and torque acting on the scatterer. A question follows naturally whether one can identify which of the two distinct parts, if not both, of the optical LM and AM brings about the optical force and torque in generic case, namely, on arbitrary particle in any monochromatic optical fields.
It has been generally believed [30] [31] [32] , at least for some small particles, that the spin AM causes spinning, a rotation of particle around its center, while the orbital AM leads to orbiting, a rotation of particle around some optical field axes. Theoretically, the spinning can be attributed unambiguously to the optical torque, whereas the orbiting, involving center-of-mass motion, can be apparently described by optical force. In this sense, the optical spinning torque (around particle's center) comes about due to the transfer of spin AM from light to the particle, while the orbital AM gives rise to optical force. Nevertheless, much less effort has been devoted to examine this belief in generic case.
In this Letter, we establish universal relationships between the different parts of optical LM/AM and the optical force/torque exerting on a general particle immersed in generic monochromatic optical fields. It is rigorously proved that the period-averaged optical force F and spinning torque T can be written as
where the subscripts "inc" and "tot" denote, respectively, the quantities associated with the incident and total fields, or, equivalently, before and after the particle is put into in the field. The integration in Eqs. (3a) and (3c) is over a spherical surface S ∞ enclosing the particle with radius R → ∞, while that in Eqs. (3b) and (3d) is over the outer surface S of the particle. The
and
↔ K o represent, respectively, the canonical LM current, spin AM current, and orbital AM current desities. They are given by [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] 
with ↔ I being the unit dyadic. Equations (3) are the main results of this Letter. They contain many salient features of light-induced force and torque. First, they establish, for the first time and in generic case, the relationship between the two distinct types of optical LM/AM and their mechanical manifestations, optical force/torque. It is suggested that the optical force can be ascribed totally to the transfer of the canonical momentum from light to matter, while the optical torque results from the orbital AM as well as the spin AM. Much recent attention has been devoted to explore the roles of the two distinct types of LM and AM on optical force and torque [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [33] [34] [35] [36] . These studies, however, are confined to small particle (dipolar) limit and no universal conclusion can be reached. Eqs. (3) , which hold generically, provide a more transparent and general physical picture for understanding the optical force and torque as mechanical manifestations of optical LM and AM. Second, as the optical force is determined by [27] [28] [29] is still a conserved when a particle is put into the fields, a signature of its irrelevance to the breaking of translational invariance. This coincides with our understanding that the intrinsic nature of quantized spin should not induce force. The spin momentum merely comes into play, through its AM counterpart, in producing part of the optical torque. Third, at large distances away from any scatterer, the surface integral of the normal component of optical canonical LM current
o turn out to be that of the corresponding LM density M o and AM density J = L + S , except for a multiplicative constant, i.e., the speed c of light. Consequently, the optical force (torque) can be described alternatively by the difference between the surface integrals of orbital LM density (total AM density) after and before the scatterer is put into the optical fields, provided that the perturbation to incident optical fields by the introduction of the scatterer is negligible, see, Appendix, for a discussion. Below we present the proof of Eqs. (3) .
Let us start with the optical force, which is evaluated by the surface integration of the Maxwell stress tensor
where the time-averaged symmetric MST
The total fields E tot and H tot in Eq. (6) are the sum of the incident fields, E inc and H inc , and the scattered fields, E sca and H sca ,
In free-space, the integration in Eq. (5) can be evaluated over a spherical surface S ∞ with radius R → ∞, owing to the conservation of optical LM, see, Appendix. Decomposition of the total fields Eq. (7) suggests that
A generic monochromatic field incident on a particle can be written in the form (see, Appendix)
e u e ik u· r dΩ u ,
where u is the real unit vector denoting the direction of wave vector, and e u and h u depend on u but not on r.
The integration is over the unit sphere of directions of wave vectors k u. The asymptotic behavior of the scattered fields from the particle at large distance is characterized by [26] E sca = a n + n α n kr e ikr kr ,
where n = r/r denotes the radial direction. The vectors a n and b n characterize the transverse amplitudes of the scattered fields, while the scalars α n and β n denote the longitudinal field components. They are all dependent on n but independent of r = | r|. Plugging Eqs. (9) and (10) into Eq. (8) and using Jones' lemma [26, 37] , viz,
with G( n) being an arbitrary function of n and u is a real unit vector, one obtains the extinction and recoil forces (see Appendix for details)
( e * n · a n ) n dΩ n ,
We next turn to the right hand side of Eq. (3a). The decomposition of fields Eq. (7) implies that
with M o η defined similarly to Eq. (8), see, Appendix. With Jones lemma, Eq. (11), it is not hard to derive, see, Appendix,
which constitutes the proof of Eq. (3a). Similarly, based on Eq. (7), one writes The proof of Eq. (3c) turns out much more complicated due to the presence of the moment arm r in the orbital AM L . Starting, once again, with the MST, one has the spinning optical torque [27] [28] [29] 
where
T η , with the subscript η = inc, mix, and sca, similarly to Eq. (8) . The incident term T inc vanishes identically as understood by the AM conservation law. The mixed and scattering terms, T mix and T sca are called the extinction and recoil torques [35] [36] [37] [38] [39] [40] , respectively.
With Eqs. (7), (9) , and (10), one has the electric part of the extinction torque (see, Appendix)
while the magnetic part can be deduced from "the electric-magnetic democracy" [17] . The first term in T e mix can be evaluated by Jones' lemma Eq. (11), the second term requires an extension (see, Appendix), viz,
for G( u) = G(− u) = 0, whereL = −i r × ∇ is the orbital angular momentum operator (except for a factor ) [27] [28] [29] acting on n, and
The proof of Eq. (19) follows the asymptotic behavior of integrals that can be evaluated by the method of stationary phase [42] . It is given in (see, Appendix). The application of the extended Jones' lemma Eq. (19) to Eq. (18) needs explicit forms of the transverse and longitudinal far-field amplitudes a n and α n , which, together with b n and β n , can be worked out based on the multipole expansion approach [43, 44] and the irreducible tensor method [45] . They are given by
where a
elec and a
elec and b
mag ] describe the transverse amplitudes of the scattered electric (magnetic) farfield from an electric and a magnetic 2 l -pole, respectively, and α n (β n ) represent the longitudinal electric (magnetic) far-field due to an electric (a magnetic) 2 l -pole. The lower order cases with l = 1, 2, 3, 4, and 5 correspond to the dipole, quadrupole, octupole, hexadecapole, and dotriacontapole, respectively. For a general order l, the scattered amplitudes read (see, Appendix)
Here ↔ n (j) denotes the j-fold tensor product of n, yielding a rank-j tensor. The totally symmetric and traceless [46] rank-l tensors
mag are the electric and magnetic 2 l -pole moments induced on the particle. The relation between the multipole moments
elec(mag) and the expansion coefficients of the scattered field in terms of vector spherical wave functions [43, 47] is exemplified in Appendix for some lower orders. The multiple contraction between two tensors of ranks l and l ′ , denoted
·· , results in a tensor of rank l + l ′ − 2m defined by
where summation over repeated indices is assumed. With Eqs. (19) (20) (21) (22) , the integral over surface S ∞ in Eq. (18) can be taken (see, Appendix), leaving us with
The magnetic part can be derived similarly, yielding the total extinction torque (see, Appendix)
where ↔ ǫ is the Levi-Civita symbol [29] , and ∇ (j) V denotes the j-fold gradient of vector V . The recoil torque T sca is similarly worked out to give (see, Appendix)
The recoil troque turns out to depend solely on the contraction of the same multipole moment. This is contrary to the recoil force. The latter arises from the coupling between different multipoles [38, 39] , either between electric (magnetic) multipoles of adjacent orders, or between electric and magnetic multipoles of the same order. The sum of T mix and T sca represents the multipole expansion of the optical torque on any particle in generic monochromatic optical fields. If one limits to the dipole terms, the torque reduces to (see, Appendix)
mag ] is the electric (magnetic) dipole moment. The recoil part, viz the last two terms in T dip , has been long missing in many previous studies (e.g., [19] [20] [21] [22] [48] [49] [50] ) even in the dipolar limit. Actually, it is the recoil torque that cancels out the extinction torque on any non-absorbing spherical particle in arbitrary harmonic optical fields [51] [52] [53] , not only limiting to plane wave fields [54] .
The right hand side of Eq. (3c) can be similarly written as a sum of the extinction and recoil terms, reading (see, Appendix)
By Eqs. (7) and (9-10), the integrands can be expressed as functions of a n , b n , e * u and e * u (see, Appendix). Using Jones lemma and its extension, as appropriate, and after lengthy algebra, one eventually arrives at (see, Appendix)
which finishes the proof of Eq. (3c).
In a similar way, it can be proved that (see, Appendix)
and Eq. (3d) follows from
To summarize, just like the optical AM that is decomposed into two distinct parts [6] [7] [8] [9] : the orbital and the spin AM, the optical LM can be broken down into two parts of different natures as well [10, [19] [20] [21] [22] [23] : the orbital (canonical) momentum and the spin momentum, associated with the orbital and spin AM, respectively. Based on the method of stationary phase [42] , the multipole expansion approach [43, 44] , and the irreducible tensor method [45] , we establish some universal relationships between the optical force/torque and the two contrasting types of optical LM/AM. It is rigorously proved in generic case that the optical force originated exclusively from the transfer of canonical momentum from light to matter, while the spin momentum remains conserved even if the translational invariance is broken by the introduction of particle into the optical fields, in consistency with our understanding that the intrinsic nature of spin should not produce force. Optical torque, on the other hand, are brought about by the total AM, namely, the sum of the orbital and spin AM components. Additionally, we have presented, for the first time, a multipole expansion theory for optical torque up to arbitrary order of multipoles. Besides the extinction optical torque originating from the interception of the incident photons as a simple extension to the static case, the theory includes the long missing recoil torque that stems from the interference of radiation from the multipoles of the same type and order induced on the particle in optical field.
wave functions (VSWFs)
since both fields are divergence-free [43] . Here Z 0 = µ 0 /ε 0 is the wave impedance in free-space, E 0 characterizes the incident field amplitude, and
So arbitrary monochromatic optical fields are completely characterized by the coefficients p m,l and q m,l , which are known as the partial wave expansion coefficients, or beam shape coefficients in the generalized Lorenz-Mie theory [55] . The VSWFs M (1) ml and N
(1) ml in Eqs. (A1) are regular ones, given by, see, e.g., [56] [57] [58] ,
where the two auxiliary functions, π ml (cos θ) and τ ml (cos θ), are defined by
with P m l (x) denoting the associated Legendre function of the first kind and ψ l (x) the Riccati Bessel function [56] . The regular VSWFs M 
where the integration is over the entire solid angle of 4π for the directions of wave vectors k = k u, with u being the real unit vector and k = ω √ ε 0 µ 0 the wave number. The vector spherical harmonics X lm ( u) is defined by [28, 57, 58] X lm (θ, φ) = 1
whereL = −i r × ∇ is the orbital angular momentum operator and Y lm (θ, φ) denotes the spherical harmonics [28] . Inserting Eqs. (A5) into the incident fields (A1) yields
e u e ik u· r dΩ u
which is of the form of Eqs. (9) in the main text. Here e u and h u denote, respectively, the parts within curly braces in the integrands for E inc and H inc . They satisfy u × e u = h u and h u × u = e u , Some remarks concerning the calculation of optical force and torque are in order. Equations (A1) and, equivalently, Eqs. (A6), describe arbitrary optical field in the sourceless region where a particle of arbitrary shape and size is to be put in. Based on the generalized Lorenz-Mie theory [55] and the T-matrix method [59] , one can then solve for the fields E s and H s that are scattered off the particle when the latter is introduced. The results read, in terms of VSWFs,
where the outgoing VSWFs M (3) ml and N
ml , describing the multipole fields [43, 44] , are given by (A3) with the replacement of the Riccati Bessel functions ψ(x) by the Riccati Hankel functions ξ(x) [56] . The expansion coefficients a m,l and b m,l in Eqs. (A7) are related to the beam shape coefficients p m,l and q m,l in (A1) by the T-matrix [59] .
Next, the optical force and torque are evaluated, respectively, by the surface integrals of the linear momentum (LM) and angular momentum (AM) current density tensor over the outer surface of the particle. Both the tensors are evaluated based on the true optical fields E t = E inc + E s and H t = H inc + H s immediately outside the particle, which are determined by the superposition of the incident fields Eqs. (A1) and the scattered fields Eqs. (A7). As both LM and AM current density tensors so obtained are divergence-free exterior to the particle, a consequence following, physically, from the conservation of LM and AM in free space and guaranteed, mathematically, by the properties of VSWFs, the surface integrals can be performed over a spherical surface S ∞ with radius R → ∞ centered at the particle, while, most importantly, keeping the fields still expressed as a superposition of those given by Eqs. (A1) and Eqs. (A7). It is noted that at the surface S ∞ , the true physical fields are actually not always given by the pseudo-fields E t and H t there, but it is these pseudo-fields that one should use to perform the surface integrals if the optical force and torque on the specific particle are to be calculated. If we evaluate LM and AM current density tensors based on the true physical fields at S ∞ , we are left with the total optical force and torque that exert on all scatterers, including light source, enclosed by S ∞ , instead of those on the specific particle under study. As a result, for the purpose of attacking the light scattering problem, a generic monochromatic optical fields can always be described by (A1), and, equivalently, by (A6), provided that the influence due to the multiple scattering between the introduced particle and other particles (including light sources) can be neglected. In most cases of optical micromanipulation, the influence of the multiple scattering is negligible. If the effect of the multiple scattering is significant, the equivalent incident fields, which sum all fields originating from both the light sources and all other particles, should be worked out self-consistently based on the multiple scattering theory, see, e.g., Refs. [60] [61] [62] . In the latter case, the equivalent incident fields on a specific particle can still be cast into the form of (A6). This indeed constitutes the basic idea of the multiple scattering theory [60] [61] [62] .
Finally, it is noted that, despite appearing in a form reminiscent of the angular spectrum representation that excludes evanescent wave components [41] , Eqs. (A6) are not simply a representation of plane wave spectrum for optical fields, but possess more general physical significance in the light scattering theory. They actually denote a generic monochromatic optical field, with the evanescent wave components already taken into account.
Appendix B: Jones lemma and its extension
In this section we present a proof for the extended Jones lemma Eq. (19) in the main text. The asymptotic behavior of the double integral J, with
is given, when positive K → ∞, by [42] 
where the summation runs over the interior stationary point (x s , y s ) at which the partial derivatives f x and f y of the phase function f (x, y) vanishes, i.e., f x (x s , y s ) = f y (x s , y s ) = 0, whereas [42] 
with
Herec is introduced to get rid of a cross term [42, 63] . Some misprints in [42] have been corrected here in Eq. (B3c), marked by underline. For the present case, keeping only the Q 0 term in Eq. (B2) yields Jones lemma Eq. (10) in the main text (see, e.g., Appendix XII of [26] ), viz
where G( n) is an arbitrary function of n, whereas u is an arbitrary real unit vector, and n is a unit vector in the local outward radial direction of the spherical surface S ∞ with large radius R → ∞. To evaluate the second term in T e mix , given in Eq. (16) of the main text and recapitulated below,
one needs to evaluate Q 2 in Eq. (B2).
In the spherical polar coordinate system, by writing the Cartesian components of the unit vectors u and n in the form
with θ and φ denoting, respectively, the polar and azimuthal angles, the integral over S ∞ in Eq. (B5) can be cast into the form given in Eq. (B1) by
with K = kR, g(θ, φ) = R 2 G( n) sin θ, and
The stationary points are thus determined by
which yields
Since at either stationary point, 
whereL is the orbital angular momentum operator,
and we have used the notationL
This concludes the proof of the extended Jones' lemma. It is interesting to note that the extended Jones lemma, which will be used in the calculation of the optical torque, involves the angular momentum operatorL. Based on the Maxwell stress tensor formalism [27] [28] [29] (see, also, discussion in Appendix A), a decomposition of the total fields into the incident and scattered fields,
suggests that 
The incident part ↔ T inc gives no net contribution to the time-averaged optical force, as can be understood by the momentum conservation law for monochromatic fields in non-absorptive space (see, e.g., §13.3 and Appendix XI of [26] for a similar discussion on energy flux), viz,
The extinction force [40] is
Inserting Eq. (A6) for monochromatic incident fields,
and the expressions for the scattered fields at large distance from any particle (see, e.g., §13.6 of [26] )
it is not difficult to obtain the integral of the first two terms in the integrand of F mix
where use has been made of Jones lemma Eq. (B4) for the surface integral over S ∞ and, also, some of the following relations, as appropriate
Similarly, the integral of the latter two terms in the integrand of F mix also vanishes,
The integral of the last two terms in F mix reduces to
where one has used once again Jones lemma Eq. (B4) for the surface integral over S ∞ and, also, h * u · b ± u = ± e * u · a ± u . Putting together, one has the first equation of Eq. (12) in the main text, viz
The recoil force reads, with the use of | a n | 2 = | b n | 2 that follows Eq. (C7),
which is the second equation in Eqs. (12) of the main text. Now let us focus on the surface integral of the orbital momentum density given by the right hand side of Eq. (3a) in the main text,
For a monochromatic optical field, the period-averaged momentum density M reads [17] [18] [19] 21 , 22]
where ω and Z 0 = µ 0 /ε 0 are the angular frequency and the wave impedance, respectively, and we adopt the
, with the subscript denoting the Cartesian component and summation over repeated subscripts assumed. The decomposition of the total fields Eq. (C1) suggests that the orbital momentum density be written in the form
Integrating over surface S ∞ term by term, and using Jones' lemma and Eqs. (C5-C6), one has
followed by
and, similarly,
resulting in the first equation in Eq. (14) of the main text,
In deriving Eq. (C13), we keep the leading term only so that ∇ E sca = ∇ a n e ikr kr = (ik n a n ) e ikr kr ,
where ∇ a n and ∇ b n are neglected since they gives 1/r 2 terms that do not contribute to the optical force. Care should be taken in dealing with terms proportional to 1/r 2 for the case of optical torque, which adds considerably to the complexity, as can be seen in Section S5.
For the second term in (C10), using Eqs. (C12) and (C17), one has
which is the second equation of Eq. (14) in the main text. Finally, let us look at the surface integral of the orbital momentum current density given by the right hand side of Eq. (3b) in the main text, which, based on the conservation of canonical momentum in free-space (see, discussion in Appendix A), is written as
Decompose
By Jones' lemma, the integral of
−Im
Putting together, one arrives at
which is the first line of Eqs. (16) in the main text. Plugging in Eqs. (C6) and (C17) to the second line of (C20) leads to
which coincides with the second equation of Eqs. (16) in the main text.
Appendix D: The multipole moments versus the partial wave expansion coefficients for the scattered fields
Before proceeding to compute optical torque, we derive the relationship between the totally symmetric and traceless multipole moments and the expansion coefficients for the scattered fields in terms of the vector spherical wave functions(VSWFs).
In the T-matrix method [59] , the scattered fields from any object can be written in the form
where Z 0 = µ 0 /ε 0 is the background wave impedance, E 0 > 0 characterizes the incident field amplitude, and
The coefficients a m,l and b m,l are known as the expansion coefficients in terms of the VSWFs, or partial wave coefficients. The VSWFs M
ml and N
ml describe the multipole fields [43, 44] . They are given by, see, e.g., [43, 47, 56] ,
with P m l (x) denoting the associated Legendre function of first kind and ξ l (x) the Riccati Hankel function [56] . The far fields can therefore be obtained using the asymptotic expansions of the Riccati Hankel function ξ l (x).
On the other hand, the far fields scattered from any object can be written in the form of Eq. (C6). The amplitudes of the scattered fields are the sum of contribution from each individual electric and magnetic multipoles,
where a mag ] describe the transverse amplitudes of the scattered electric (magnetic) far-field from an electric and a magnetic 2 l -pole, respectively, and α n (β n ) represent the longitudinal electric (magnetic) far-field due to an electric (a magnetic) 2 l -pole. Based on the theory of multipole fields [43, 44] and the irreducible tensor method [45] , the amplitudes can be written as
, and
denoting the j-fold tensor product of n, yielding a symmetric tensor of rank j. The symbol
·· represents the multiple tensor contraction between two tensors of ranks l and l ′ , reslting in a tensor of rank (l + l ′ − 2m) defined by,
with the summation over repeated indices assumed and the subscript indexing the Cartesian component. The totally symmetric and traceless [46] rank-l tensors
elec and
mag represent the electric and magnetic 2 l -pole moments induced on the particle. The lower order cases with l = 1, 2, 3, 4, and 5 correspond to the dipole, quadrupole, octupole, hexadecapole, and dotriacontapole moments, respectively. It is noted that the leading term
the longitudinal components for electric (magnetic) far field comes solely from the electric (magnetic) multipoles
mag ], while the transverse amplitudes a n and b n depend on both electric and magnetic multipoles. A comparison between E sca and E s , given by Eqs. (C6) and (D1), respectively, at large distance from the scatterer produces the relationship between and the partial wave expansion coefficients a m,l and b m,l and the totally symmetric and traceless [46] electric and magnetic 2 l -pole moments,
mag , whose 3 l tensor elements can be expressed in terms of 2l + 1 independent components. For lower order l ≤ 4, the 2l + 1 independent components of the electric order l multipole (2 l -pole) moment
are exemplified in terms of a m,l below.
for the 3 independent components of electric dipole moment
for the 5 independent components of electric quadrupole moment
for the 7 independent components of electric octupole moment
elec with l = 3, and 
for the 9 independent components of electric hexadecapole moment
elec with l = 4, where
It is noted that the coefficients in front of a ±m,l have the same amplitude, due to the introduction of C ml in Eq. (D1).
The magnetic multipole moments
mag are obtained by replacing a m,l with b m,l in Eq. (D8) and multiplying the results by −ic, with c being the speed of light.
Appendix E: Optical torque
In this section, we derive the expressions for the extinction and recoil torques, the surface integrals of optical angular momentum (AM) J mix and J sca , and the surface integrals of orbital and spin AM current density (26) , (29) and (30) in the main text.
Decomposition of the total fields Eq. (C1) suggests that
T inc involves the incident fields only,
T sca depends solely on the scattered fields, while
T mix includes all the rest (mixed) terms, with ↔ T η given by Eqs. (C3) for η = inc, mix, and sca. Correspondingly, based on the Maxwell stress tensor formalism [27] [28] [29] the optical torque T reads (see, also, discussion in Appendix A)
The integration of ↔ K inc gives no contribution to the time-averaged optical torque since it is divergence-free, viz,
The extinction torque T mix consists of the electric and magnetic parts, denoted by T e mix and T m mix ,
It then follows from the expressions for the incident and scattered far-fields, Eqs. (C5) and (C6), that
which is Eq. (18) in the main text. Here we use dσ n to represent the area element for the integration over S ∞ . It serves as a reminder of the fact that n is the local outward unit normal of dσ n , while the solid angle element dΩ u has a local outward unit normal denoted by u. The surface integral in the first term t 1 of T e mix can be evaluated using Jones Lemma Eq. (B4) by setting G( n) = α n ( n × e * u ), resulting in
The evaluation of the surface integral in the second term t 2 of T e mix requires the extended Jones lemma (B10), which, as it involves the angular momentum operatorL, requires the explicit forms of the transverse and longitudinal far-field amplitudes a n , b n , α n , and β n , given in Eqs. (D4-D6) .
Substituting Eqs. (D4-D6) for a n and α n in T e mix and using the extended Jones lemma Eq. (B10), one arrives at, after lengthy algebra,
So the electric contribution to the extinction torque reads
the last term being the contribution to the scattered electric fields E sca from the magnetic multipoles. Similarly, the magnetic contribution to the extinction torque is
Summing up the electric and magnetic contriubutios for each l, one reaches
Taking the integral over the solid angle gives
where ↔ ǫ is the Levi-Civita antisymmetric tensor of rank 3 (see, e.g., [29] ), ∇ (j) V denotes the j-fold gradient of a vector V , yielding a rank-(j + 1) tensor given, in Cartesian components, by
and the multiple tensor contraction is defined in Eq. (D7). When going from Eqs. (E11) to (E12), one has made use of
which can be derived by mathematical induction. The recoil torque T sca reads, with the use of Eq. (C6),
With the explicit forms of field amplitudes Eqs. (D4-D6), it can be worked out that
where use has been made of the following mathematical identities,
which follow Eqs. (D4-D6) and mathematical induction. Equations (E12) and (E15) constitute the multipole expansion of optical torque. It is noted that the recoil torque depend solely on the contraction of electric or magnetic multipoles of the same order l, contrary to the recoil optical force, which comes from the coupling between the same kind of multipoles of adjacent orders, and the coupling between the different kinds of multipoles of the same order [38] . So in the case only a single multipole is excited on the particle, the particle experiences both extinction and recoil torques, but it is not subject to recoil force, resulting in a positive-definite optical force.
As a simplest example, consider the case with l = 1, viz, a small particle with electric and magnetic dipole excitations. The optical torque Eq. (E12) and (E15) reduces to
mag are tensors of rank-1 (vectors) and represent the electric and magnetic dipole moments, usually denoted by p and m (see, e.g., [29] ), respectively. So it follows straightforward that
where use has been made of
for vectors v and w, by the definition of multiple tensor contraction Eq. (D7). The last two terms in T dip describe the recoil torque, which cancels out the extinction torque (the first two terms). This complete cancelation between the extinction torque and recoil torque occurs on any non-absorbing spherical particle in arbitrary monochromatic optical fields [35, 36, 51] . If one keeps up to electric quadrupole, the additional term T e-quad follows Eqs. (E12) and (E15), reading
where the electric quadrupole moment
elec is a symmetric and traceless rank-2 tensor. Written in a more familiar form, it becomes
or, in Cartesian component form,
Q, and use has been made of
which follows
with the last line valid for a symmetric and traceless rank-2 tensor ↔ Q. Now let us focus on the surface integral of total angular momentum, viz the right hand side in Eq. (3c) and, also, Eq. (28), in the main text
where the total AM densities are
with the orbital LM density M o and spin AM density S reading
By keeping only the leading terms, the gradient of fields follows from Eqs. (C5-C7)
∇ E sca = ik n a n + ik α n n n kr + ∇ a n e ikr kr ,
u e u e ik u· r dΩ u ,
which keep higher order terms in comparison with (C17), due to the presence of the moment arm in orbital AM density L . Inserting (E28) into Eqs. (E26) and (E27) leads to
where one keeps only the leading terms that make non-vanishing contribution to the integral. Compared with Eq. (C17), the extra higher order terms in ∇ E sca and ∇ H sca appearing in Eq. (E28) do not contribute to optical force, but they contribute to optical torque through j 2 and j 4 in (E29b). In deriving Eqs. (E29), use has been made of
Using Jones lemma Eq. (B4), the integral over S ∞ in j 3 can be taken to give
where q (l) elec(mag) are given by (D6), and one has used
To compute the integrals over surface S ∞ in j 1 and j 2 , one has to resort to the extended Jones lemma Eq. (B10). With the explicit expressions for a n and b n , given in Eqs. (D4-D6) in terms of multipole fields and after lengthy algebra, the terms associated with the electric multipole (2 l -pole)
elec in j 1 + j 2 can be worked out by mathematical induction, resulting in
where C ± l are given by Eq. (E10), and,
It follows that
where, according to the electric-magnetic duality [29] , the terms involving the magnetic multipole
The first term in Eq. (E25) thus becomes
which coincides with T 
The second term in Eq. (E25), given by ( j 4 + j 5 ) in Eq. (E29), involves only the scattered fields. Based on Eqs. (D4) and (D5), the integral over solid angle can be performed to produce, after tedious algebra, the following relations 
which is identically T 
Finally we turn to the surface integral of the AM current density given by the right hand side of Eq. 
T that is usually termed AM current density (AM flux tensor) [27, 29] and used for computing optical torque based on the Maxwell stress tensor formalism [27] [28] [29] , see, Eqs. (E1-E3). That is
where ↔ T is the (symmetric) Maxwell stress tensor [27] [28] [29] , the orbital AM current density 
With the decomposition (C1), (C5), and (C6), and taking advantage of Jones' lemma Eq. (B4), one has, after some algebra, 
with the conventions
elec(mag) = 0. In the dipolar limit, similar decomposition was given in Refs. [35, 36, 51] .
